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Abstract

An approximate theoretical model for nonuniform absorption of the external thermal radiation in a large semi-

transparent spherical particle is suggested. As applied to heat transfer problems with diffuse radiation in the wide spec-

tral range, the asymmetric illumination of single particle is considered at each spectral interval as a uniform illumination

from backward and forward hemispheres (with respect to the direction of spectral radiation flux). The Mie theory is

employed in calculations for particles illuminated from a hemisphere. The modified differential approximation sug-

gested earlier by the author is used in the case of spherically symmetric illumination. Approximate analytical relations

for distribution of absorbed radiation power inside a particle are obtained. Results of calculations for typical polydis-

perse sprays of water and diesel fuel droplets are presented.

� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The disperse systems of separate spherical particles or

droplets placed randomly in vacuum or gas are consid-

ered. It is assumed that average distance between the

particles is large in comparison with their size and the

wavelength of external thermal radiation. In this case,

one can employ the radiation transfer theory to calculate

radiation field in the medium and absorption of the radi-

ation by particles. In such calculations, the particles are

usually assumed isothermal and the volume distribution

of absorbed radiation power inside particles is not con-

sidered [1–3].
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An analysis of nonuniform radiation field inside semi-

transparent particles is important not only in the case of

considerable thermal radiation from nonisothermal par-

ticles [4,5] but also for comparatively cold particles when

absorbed radiation affects chemical or phase conversions

in the particle. One should mention the problem of

heating and evaporation of fuel droplets in diesel engines

[6–10] and similar problem for water droplets in spray

curtains used in fire shielding [11–15]. The thermal radi-

ation from water or fuel droplets is negligible and the

solution is divided in two stages: the ordinary spectral

calculation of radiation transfer in disperse system and

calculation of volume distribution of absorbed radiation

power in semi-transparent droplets.

The monochromatic radiation field inside spherical

particle can be calculated by consideration of the inci-

dent radiation as a combination of plane electromagnetic

waves of different amplitudes from different directions.
ed.
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Nomenclature

a particle radius

A coefficient defined by Eq. (26)

Bk Planck�s function
B,B1,B2 coefficients in Eq. (33)

C coefficient in Eqs. (33) and (39)

ck,dk Mie coefficients

D dimensionless radiation diffusion coefficient

Er,Eh,Eu amplitudes of electric field components

E0 electric field amplitude in the incident wave

er,eh,eu dimensionless amplitudes of electric field

components

f function (32) or (33)

F particle size distribution

I0,g0 functions proportional to the spectral radia-

tion energy density

I radiation intensity

m complex index of refraction

n index of refraction

p,P absorbed radiation power, power absorp-

tion function

�p dimensionless power absorption function

q radiation flux

Qa absorption efficiency factor

Qtr
s ,Qtr transport efficiency factors of scattering and

extinction

r radial coordinate inside the particle

�r dimensionless radial coordinate

~r vector coordinate in the disperse system

s,S dimensionless absorption functions defined

by Eqs. (10) and (11)

T temperature

w,W normalized distribution of the absorbed

power defined by Eqs. (17), (18) and (41)

x diffraction parameter

y independent variable in Eqs. (7) and (34)

z independent variable in Eq. (7)

Greek symbols

a relative value of absorption defined by Eq.

(36)

b dimensionless parameter in Eq. (40)

c,m,f parameters defined by Eq. (26)

h angle measured from the incident wave

direction

j index of absorption

k radiation wavelength

l angular coordinate, l ¼ cos h
l
*

value of l defined by Eq. (21)

pk,sk Mie angular functions

Ra,Rtr absorption and transport extinction

coefficients

s,s0 current and total optical thickness of the

particle

u,/ azimuth angles

n asymmetry parameter of illumination

wk,fk Riccati–Bessel functions

1 parameters defined by Eq. (29)

x angular parameter defined by Eq. (16)
~X unit vector of direction

Subscripts and superscripts

a absorption

h hemispherical

k order of mathematical functions

r radial component

s scattering

sph spherically symmetric

tr transport

k spectral dependent

h,u angular components

e external
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The angular dependence of the radiation illuminating

single particle is known from the solution of the radiation

transfer problem for the disperse system as a whole.

Unfortunately, the general Mie solution for radiation

field in a spherical particle is very time-consuming

[16–18]. It is known that integral characteristics of radi-

ation absorption by large particles can be calculated in

the geometrical optics approximation [16,19–21]. This

approximation is inapplicable for local values near the

caustics [16,22,23]. The latter limitation is important

for laser illumination [18,24,25] but not for diffuse ther-

mal radiation considered in this paper.

The objective of the paper is to suggest an approxi-

mate analytical model of radiation absorption in large
semi-transparent particles in the range of applicability

of the geometrical optics approximation. The model

should be applicable in a wide spectral range and for

arbitrary illumination of a polydisperse system.
2. Approximate description of asymmetric illumination of

single particle

The radiation transfer is usually calculated for a

number of spectral intervals and the following values

are obtained at each point of the computational region:

the spectral radiation intensity Ikð~r; ~XÞ and the spectral

radiation flux ~qkð~rÞ ¼
R
ð4pÞIkð~r; ~XÞ~Xd~X [1–3]. The func-
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tion Ikð~r; ~XÞ determines illumination of a particle placed

at point~r. In the general case, the angular dependences

of radiation intensity are very complex and different for

various spectral intervals. To simplify the problem for

single particle, one can describe the illumination of the

particle as axisymmetric and uniform one in two

hemispheres:

Ikð~r; ~XÞ ¼
I�k ð~rÞ; ~qk

~X < 0

Iþk ð~rÞ; ~qk
~X > 0

(
ð1Þ

Functions I�k and Iþk are determined by the following

relation [3]:

I�k ¼ I0k=ð2pÞ � qk=p ð2Þ

where

I0kð~rÞ ¼
Z
ð4pÞ

Ikð~r; ~XÞd~X ð3Þ

The approximation suggested simplifies radically the

calculations for single particle: one needs only to solve

the problem for uniform illumination of the particle

from a hemisphere. This solution is described by func-

tion phkðr; lÞ (absorbed power per unit spectral interval),

where 0 6 r 6 a is the radial coordinate measured from

the centre of particle, l ¼ cos h (h is measured from the

spectral radiation flux direction). The corresponding

function for illumination from two hemispheres is as

follows:

P kðr; lÞ ¼ phkðr; lÞIþk þ phkðr;�lÞI�k ð4Þ

The last equation can be rewrite in the form:

P kðr; lÞ ¼
nkp

sph
k ðrÞ þ ð1� nkÞphkðr; lÞ

1þ nk

I0k
p

ð5Þ

where nk ¼ I�k =I
þ
k is the asymmetry parameter of illumi-

nation (0 6 nk 6 1), psphk ðrÞ ¼ phkðr; lÞ þ phkðr;�lÞ is the

power absorption function for spherically symmetric

illumination of the particle.

In the general case, the direction of spectral radiation

flux is different for various spectral intervals and one can

write subscript k at angular parameter l: Pk(r,lk). As a

result, the integral power distribution will be three-

dimensional:

P ðr; #;uÞ ¼
Z 1

0

P kðr; lkÞdk ð6Þ

The absorption distribution in a particle may be axi-

symmetric only in the case of not too complex picture of

the radiation transfer in disperse system.
�1
3. Solution based on the Mie theory

The Mie theory of interaction between a plane line-

arly polarized electromagnetic wave with a homogene-
ous spherical particle gives the following relations for

the complex amplitudes of the wave electric field inside

the particle [16,17]:

Er ¼
E0 cosu

z2
X1
k¼1

ikð2k þ 1ÞdkwkðzÞP
ð1Þ
k ðlÞ

Eh ¼
E0 cosu

z

X1
k¼1

ikð2k þ 1Þ
kðk þ 1Þ ½ckwkðzÞpkðlÞ � idkw

0
kðzÞskðlÞ


Eu ¼ E0 sinu
z

X1
k¼1

ikþ1ð2k þ 1Þ
kðk þ 1Þ ½ickwkðzÞskðlÞ þ dkw0kðzÞpkðlÞ


ck ¼
mi

mfkðxÞw0
kðyÞ � f0kðxÞwkðyÞ

dk ¼
mi

fkðxÞw0
kðyÞ � mf0kðxÞwkðyÞ

pk ¼
P ð1Þ
k ðlÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p sk ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p d

dl
P ð1Þ
k ðlÞ

ð7Þ
where E0 is the amplitude of the electric field in the inci-

dent wave, x = 2pa/k is the diffraction parameter,

m = n � ij is the complex index of refraction, y = mx,

z ¼ mx�r, �r ¼ r=a, l ¼ cos h, h is the angle measured from

the incident radiation direction, u is the azimuth angle

measured from the plane of electric field vibration of

the incident wave, wk, fk are the Riccati–Bessel func-

tions, P ð1Þ
k are the associated Legendre polynomials.

The dimensionless power absorption function can be

determined by the following equation [18,19,26]:

�pkðr; l;uÞ ¼
4pnj

k
jErj2 þ jEhj2 þ jEuj2

jE0j2
ð8Þ

In the case of unpolarized external radiation, the inte-

gration of Eq. (8) over u gives:

�pkðr; lÞ ¼
8p2nj

k
sðr; lÞ ð9Þ

where

sðr;lÞ ¼ jerj2 þ jehj2 þ jeuj2

jerj2 ¼
1

2

1

z2
X1
k¼1

ikð2kþ 1ÞdkwkðzÞP
ð1Þ
k ðlÞ

�����
�����
2

jehj2 ¼
1

2

1

z

X1
k¼1

ikð2kþ 1Þ
kðkþ 1Þ ½ckwkðzÞpkðlÞ � idkw

0
kðzÞskðlÞ


�����
�����
2

jeuj2 ¼
1

2

1

z

X1
k¼1

ikð2kþ 1Þ
kðkþ 1Þ ½ickwkðzÞskðlÞ þ dkw

0
kðzÞpkðlÞ


�����
�����
2

ð10Þ

If the illumination of the particle is spherically sym-

metric then the radial profile of the absorbed power

can be found from the equation:

�psphk ðrÞ ¼
Z 1

�1

�pkðr; lÞdl ¼ 16p2nj
k

SðrÞ

SðrÞ ¼ 1

2

Z 1

sðr; lÞdl ð11Þ
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Analytical expression for function S can be found

elsewhere [18]:

S ¼ 1

2jzj4
X1
k¼1

ð2k þ 1Þ kðk þ 1ÞjdkwkðzÞj
2

h

þjzj2 jckwkðzÞj
2 þ jdkw

0
kðzÞj

2
	 
i

ð12Þ

Note that absorption efficiency factor Qa can be

determined as [20]:

Qaðx;mÞ ¼ 8pjx
Z 1

0

Sðx;m;�rÞ�r2 d�r ð13Þ

In the case of uniform illumination of the particle

from a hemisphere, the absorbed power per unit volume

can be found from the relation [27]:

�phkðr; lÞ ¼
16p2nj

k
Shðr; lÞ ð14Þ

where

Shðr; lÞ ¼
1

2p

Z 1

0

Z 2p

0

sðr; l0Þd/0
� 

dl0

l0 ¼ ll0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l02

p
cosð/ � /0Þ

ð15Þ

Since Sh(r,l) does not depend on azimuth angle / one

can rewrite Eq. (15) as:

Shðr; lÞ ¼
1

p

Z 1

0

Z 1

�1

sðr; l0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

� 
dl0

l0 ¼ ll0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l02

p
x x ¼ cos/0

ð16Þ

Note that Sh(r,l) + Sh(r, �l) = S(r) and Sh(r, 0) =

S(r)/2.

The radiation power absorbed by a droplet as a

whole is characterized by the efficiency factor of absorp-

tion Qa, which can be calculated independently by use of

the known equations of the Mie theory. For large semi-

transparent particles, one can use also approximate rela-

tion suggested in [28]. For this reason, it is sufficient to

consider the normalized distribution of the absorbed

power. In the case of spherically symmetric illumination

of particles, this distribution is characterized by the fol-

lowing function:

wð�rÞ ¼ Sð�rÞ
3
R 1

0
Sð�rÞ�r2 d�r

ð17Þ

In the case when the particle is illuminated from a

hemisphere, the normalized distribution of the absorbed

power depends on two variables:

whð�r; lÞ ¼
Shð�r; lÞ

3
R 1

0

R 1

�1
Shð�r; lÞ�r2 dld�r

ð18Þ

It was shown in [20,21] that function wð�rÞ for large

semi-transparent particles can be calculated in the geo-

metrical optics approximation: solution of the radiation
transfer equation inside the particle at x P 20 gives

almost the same profiles of absorbed power as those

calculated by using the Mie theory.
4. Modified differential approximation for symmetrically

illuminated particles

In the case of spherically symmetric illumination of

a particle, the radial distribution of absorbed power

coincides with the profile of radiation power generated

by isothermal particle. An analysis of the radiation

transfer inside a homogeneous semi-transparent parti-

cle [20,21] showed different behaviour of the angular

dependences of the radiation intensity. In the central

zone �r < �r ¼ a=n this angular dependence can be well

described by the usual DP0-approximation of the dou-

ble spherical harmonics [3], whereas in the periphery of

the particle �r < �r < 1 the reflection of radiation from

the particle surface leads to more complex angular pic-

tures. To solve the problem in the whole volume of the

particle, the author suggested a modified approxima-

tion called MDP0. The derivation of MDP0 equations

for general case of nonisothermal particle and evalua-

tion of the accuracy of this approximation can be

found in [29]. It was shown that MDP0 gives suffi-

ciently accurate results for the radiation field inside a

semi-transparent particle, and the computational time

is two orders of magnitude less than that of the

numerical solution of the radiation transfer equation.

The latter circumstance is very important advantage

in comparison with the ray tracing procedure [11,30]

especially for numerical analysis of combined heat

transfer problems.

In the case of illumination of a particle by external

radiation, the boundary-value problem in MDP0-

approximation for function g0(s) can be written in the

following form:

1

s2
ðs2Dkg00Þ

0 � ð1� lÞg0 ¼ 0 ð19Þ

g00ð0Þ ¼ 0 Dkg00ðs0Þ ¼
4n2 � g0ðs0Þ
nðn2 þ 1Þ ð20Þ

where

Dk ¼
1þ l

4
ð1� l2

Þ

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðs=sÞ2

q
Hðs � sÞ s ¼ �rs0 s ¼ �rs0 ð21Þ

s0 = 2jx is the spectral optical thickness of the particle,

H is the Heaviside unit step function. The dimensionless

absorbed radiation power per unit spectral interval is

determined as:

pskðsÞ ¼ ð1� lÞg0ðsÞ ð22Þ
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Fig. 1. Normalized radial profiles of the absorbed radiation

power inside droplets in the case of their symmetric illumina-

tion: (a) n = 1.3, (b) n = 1.5; I—Mie calculations for x = 50, II—

numerical solution in MDP0-approximation, III—approximate

analytical solution; 1—s0 = 0.2, 2—s0 = 1, 3—s0 = 2, 4—s0 = 5.
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The problem (19)–(22) for single particle can be easily

solved numerically [5]. At the same time, a further sim-

plification of the problem is important for possible

implementation of the solution in multidimensional

CFD codes and engineering calculations by taking into

account combined heat and mass transfer processes.

The simplest analytical approximation has been sug-

gested in [31] separately for small and large optical

thickness s0. This approximation is not good for inter-

mediate values of the optical thickness, but it appears

to be rather good for droplets of diesel fuel, which has

wide regions of semi-transparency and sharp peaks of

absorption. In the present paper, a more reliable

approximate analytical solution for the whole range of

the particle optical thickness is derived. To obtain this

solution one can use the following approximate expres-

sion for radiation diffusion coefficient at the periphery

of the particle (s > s
*
):

Dk ¼ Dð1Þ
k ¼ 1

2

s
s

	 
2

ð23Þ

Strongly speaking, this relation is correct only near the

particle surface for n2 � 1. Similarly, one can replace

also coefficient (1 � l
*
) in the second term of Eq. (19)

by Dð1Þ
k . As a result, Eq. (19) at s > s

*
is simplified

radically:

g000 � g0 ¼ 0 ð24Þ

Having in mind the continuity of function g0 and their

derivative g00 at s = s
*
one can find the following analy-

tical solution:

s 6 s psphk ¼ g0 ¼ A
s
s

sinhð2sÞ
sinhð2sÞ

ðsinh s þ f cosh sÞ

s > s psphk ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðs=sÞ2

q� �
g0

g0 ¼ Aðsinh s þ f cosh sÞ
ð25Þ

where

A ¼ 4n2m
mðsinh s0 þ f cosh s0Þ þ ðcosh s0 þ f sinh s0Þ

f ¼ c tanh s � 1

tanh s � c
c ¼ 2

tanh s
� 1

s
m ¼ 2n

n2 þ 1
ð26Þ

For large optical thickness, Eqs. (25) and (26) can be

considerably simplified:

s 6 s psphk ¼ 2n2m
1þ m

s
s

	 

expð2s � s � s0Þ

s > s psphk ¼ 2n2m
1þ m

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðs=sÞ2

q� �
expðs � s0Þ

ð27Þ
The last equations are applicable for calculations at

s0 > 5. The normalized spectral profiles of absorption

are calculated as:

wð�rÞ ¼ psphk ð�rÞ
3
R 1

0
psphk ð�rÞ�r2 d�r

ð28Þ
5. Evaluation of the accuracy of approximate solution for

symmetric illumination

The calculated radial profiles of the absorbed radia-

tion power wð�rÞ are presented in Fig. 1. Having in mind

possible applications of this research to droplets of water

or typical fuels, the values of refraction index n = 1.3 and

n = 1.5 are considered. The Mie theory calculations at

x = 50 are also shown in Fig. 1. Remember thatMie solu-

tion at x > 20 is close to the geometrical optics limit

[20,21]. Note that the kink in the curves at �r ¼ �r can be

easily explained in terms of the geometrical optics [20,32].

One can see that approximate analytical solution (25)

and (26) gives absorption profiles, which practically
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coincide with those obtained by numerical solution of

the boundary-value problem (19)–(22). In contrast to

approximate relations suggested in [31], the solution

(25) and (26) is applicable at arbitrary optical thickness

of the particle.
6. Approximation of Mie calculations for illumination

from a hemisphere

By analysis of calculations for illumination from a

hemisphere, it is convenient to use the relation
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Fig. 2. Angular distribution of the absorbed radiation power insid

hemisphere for n = 1.3 (a,c, e) and n = 1.5 (b,d, f): (a,b) s0 = 0.2; (c,d

�r ¼ 1=n, 5—�r ¼ 1.
Shð�r; 0Þ ¼ Sð�rÞ=2 and consider only the function
�Shð�r; lÞ ¼ Shð�r; lÞ=Shð�r; 0Þ. The results of Mie calcula-

tions for x = 50 at several fixed values of �r are presented
in Figs. 2 and 3. In the case of small optical thickness

(Fig. 2), the radiation is absorbed mainly in the shad-

owed part of the particle. The strongest angular depend-

ence of absorption is predicted near the particle surface

ð�r > �rÞ in the vicinity of the plane l = 0. The increase of

the optical thickness leads to an increase in radiation

absorption in the illuminated part of the particle and

the dependence of the radiation absorption on l be-

comes monotonic. In the case of large optical thickness

(Fig. 3), the radiation is absorbed mainly near the illumi-
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Fig. 3. Angular distribution of the absorbed radiation power

inside optically thick droplet in the case of its illumination from

a hemisphere for n = 1.3 (plots I) and n = 1.5 (plots II): (a)
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nated surface of the particle and the dependence on l be-

comes almost linear.

Following [33], note that �Shð�r; lÞ � 1 can be approx-

imated by an odd function of l (see Figs. 2 and 3). This

approximation simplifies considerably the integration of

function Shð�r; lÞ:Z 1

�1

Shð�r; lÞdl ¼ Sð�rÞ ð29Þ

As a result, one can write:

whð�r; lÞ ¼ wð�rÞ�Shð�r; lÞ=2 ð30Þ

The analytical approximation of function �Shð�r; lÞ can be

found in the form

�Shð�r; lÞ ¼ 1þ lf ðn;�r; jljÞ ð31Þ

At optical thickness of the particle s0 P 2, the function f

can be treated as independent on index of refraction n

and angular coordinate l (see Fig. 3):

f ð�rÞ ¼ 1� ð1� �r2þ2=s0Þ exp½ð2� s0Þ=6
 ð32Þ
Eq. (32) gives a correct result in the limit of great optical

thickness. At small optical thickness (s0 < 2) the follow-

ing approximation is suggested:

f ðn;�r; jljÞ ¼ ðn� 1Þ Bð�rÞ � Cð�rÞð1� jljÞHð�r � �rÞ½ 


Bð�rÞ ¼ B1 þ ðB2 � B1Þ 1� 1� �r
1� �r

� �2
" #

Hð�r � �rÞ

Cð�rÞ ¼ 1:5

n� 1

�r � �r
1� �r

� �
1

1þ s20

B1 ¼ � �r
1þ s20

B2 ¼
1� exp½�1:5ðn� 1Þs0


n� 1

ð33Þ

Approximate relations (31)–(33) are more correct than

those suggested in [33] and can be used at arbitrary opti-

cal thickness of the particle. The results of approximate

calculations at the same parameters as in Figs. 2 and 3

are presented in Figs. 4 and 5. One can see that Eqs.

(31)–(33) give a reasonable approximation of the exact

calculations.
7. Calculations for water and diesel fuel droplets

Consider a one-dimensional model problem for opti-

cally thick homogeneous disperse system in the region

with flat boundary surface illuminated by diffuse ther-

mal radiation. In this case, one can use the simplest

DP0-approximation for the radiation transfer calcula-

tion. The corresponding boundary-value problem for

function g0 ¼ I�k ðyÞ þ Iþk ðyÞ (here y is the coordinate

measured from the illuminated surface of the disperse

system) is as follows [3,34]:

1

4Rtr

g000 � Rag0 ¼ 0

g00ð0Þ ¼ 2Rtr½g0ð0Þ � 4qek
 g0ð1Þ ¼ 0 ð34Þ

where qek is the spectral external radiation flux, Ra, Rtr

are the absorption and transport extinction coefficients

of the medium. The spectral radiation flux is determined

as:

qk ¼ ðIþk � I�k Þ=2 ¼ �g00=ð4RtrÞ ð35Þ

The analytical solution of the problem (34) and (35) is as

follows:

g0ðyÞ ¼
4qek

1þ ffiffiffiffiffi
ak

p expð�2
ffiffiffiffiffi
ak

p
RtryÞ

qkðyÞ ¼
ffiffiffiffiffi
ak

p

2
g0ðyÞ ak ¼ Ra=Rtr ð36Þ

and one can obtain very simple equation for asymmetry

parameter of illumination:

nk ¼
1� ffiffiffiffiffi

ak
p

1þ ffiffiffiffiffi
ak

p ð37Þ



-1 .0 -0.5 0 .0 0.5 1.0

0 .7

0 .8

0 .9

1 .0

1 .1

1 .2

1 .3

1
2
3
4
5

(a)

_

hS

-1 .0 -0 .5 0 .0 0 .5 1 .0

0 .8

0 .9

1 .0

1 .1

1 .2
(c)

-1 .0 -0 .5 0.0 0.5 1.0
0.6

0.8

1.0

1.2

1.4

(e)

-1 .0 -0 .5 0.0 0.5 1.0
0.6

0.8

1.0

1.2

1.4

(b)

-1 .0 -0 .5 0 .0 0 .5 1 .0
0 .7

0 .8

0 .9

1 .0

1 .1

1 .2

1 .3

(d)

-1 .0 -0 .5 0.0 0.5 1.0

0.6

0.8

1.0

1.2

1.4 (f)

µµ

Fig. 4. Approximate angular distribution of the absorbed radiation power inside optically thin droplet in the case of its illumination

from a hemisphere. Calculations by use of Eqs. (31)–(33). Designations see in Fig. 2.
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Note that nk do not depend on coordinate and coin-

cides with the reflection coefficient of the disperse

system.

For polydisperse systems of large droplets of water

or diesel fuel, the value of ak can be calculated in mono-

disperse approximation using the droplet radius

a ¼ a32 ¼
R1
0

a3F ðaÞda
R1
0

a2F ðaÞda
�

, where F(a) is the

size distribution function [3,35]:

ak ¼ Qa=Qtr ð38Þ

where Qtr
s , Qtr ¼ Qa þ Qtr

s are the transport efficiency fac-

tors of scattering and extinction. The following approx-

imate relations can be used for both water and fuel

droplets [28,35]:
Qa ¼
4n

ðnþ 1Þ2
½1� expð�2s0Þ


Qtr
s ¼

C1; 1 6 1

C=1c; 1 > 1

(
C ¼ 1:5nðn� 1Þ expð�15jÞ

c ¼ 1:4� expð�80jÞ 1 ¼ 0:4ðn� 1Þx ð39Þ

To calculate nk by use of Eqs. (37)–(39) one needs the

spectral data on optical constants n(k) and j(k). The tab-
ulated data of [36] for water and approximate relations

of [31] for a typical diesel fuel are used in this paper.

The corresponding spectral dependences of optical con-

stants in the near infrared are shown in Fig. 6. The cal-

culated functions nk(s0) are presented in Fig. 7. The step
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Dk = 0.02lm by wavelength was used in the range

0.5 6 k 6 6lm. The values nk > 0.1 correspond to the

short-wave range (k < 2.3lm for water and k < 3lm
for fuel), where the droplets are almost transparent.

For various droplets, the function nk(s0) can be approx-

imated as:

nk ¼ expð�bs0Þ ð40Þ

where b = 4 for small fuel droplets, b = 5 for large fuel

droplets and small water droplets, and b = 6 for large

water droplets. Note that approximate relations for

optical constants of diesel fuel [31] give the minimal

evaluation for j(k) in the important spectral range

1.1 < k < 2lm [35]. Additional measurements might

show the greater values of the index of absorption in

this spectral range. In this case, the values of param-

eter b for fuel droplets could be the same as for water

droplets. Remember that one should use the value of

s0 for equivalent radius of droplets a32 in Eq. (40),

and the value of nk is the same for droplets of different

radius.
In the case of a blackbody spectrum of external ther-

mal radiation, the normalized radiation power absorbed

in a particle is calculated as follows:
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W ð�r; lÞ ¼
Z k2

k1

nkwð�rÞ þ ð1� nkÞwhð�r; lÞ½ 


� QaBkðT eÞdk
Z k2

k1

QaBkðT eÞdk

�
ð41Þ
The results of calculations for water and fuel droplets

at a32 = 50lm and Te = 1500K are presented in Fig. 8.

The plots for l = 0 coincide with the absorption profiles

for spherically symmetric illumination. One can see that

thermal radiation is absorbed mainly in the central zone

and in the thin layer close to the droplet surface. In-

creased absorption in the central zone is related to the

contribution of radiation in the semi-transparency

ranges, where the droplet thickness is small. Significant

absorption near the droplet surface facing the external

radiation is related to the contribution of radiation near

the absorption peaks of the droplet substance. The main

peak of absorption for diesel fuel is placed at the wave-

length k = 3.4lm that is in the more long-wave region in

comparison with the absorption peak for water (see Fig.

6). It is far from the maximum of the external radiation

(k = 2lm). As a result, the absorption of radiation near

the droplet surface facing the external radiation is not as

strong for fuel droplets as that for droplets of water. At
the same time, the absorption in the central zone of die-

sel fuel droplets is not symmetric: it is greater at the

‘‘shadow’’ side facing the droplet system.
8. Conclusions

An approximate theoretical model of radiation

absorption in comparably cold semi-transparent spheri-

cal particles for the case of arbitrary illumination of a

disperse system by external thermal radiation is sug-

gested. After the usual spectral calculation of the radia-

tion transfer in the disperse system, the asymmetric

illumination of single particles is considered approxi-

mately as a uniform illumination from two hemispheres

oriented according the direction of spectral radiation

flux. As a result, the general problem reduces to that

for illumination of the particle from a hemisphere. The

Mie theory and the modified differential approximation

(for symmetrically illuminated large particles) are em-

ployed. Approximate analytical relations are obtained

for distribution of absorbed radiation power in a large

spherical particle of arbitrary optical thickness. These

relations are applicable for a typical range of refractive

index of particle substance.
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An analytical solution of model problem for optically

thick polydisperse system is obtained. The results of cal-

culations for disperse systems of water and diesel fuel

droplets are presented. Thermal radiation is absorbed

mainly in the central zone of droplets and near the drop-

let surface facing the external radiation. The first effect is

related to contribution of semi-transparency ranges,

whereas the surface absorption corresponds to absorp-

tion peaks of the droplet substance.
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